Time-cost trade off problem (TCTP), known in the literature as project crashing problem (PCP) and project speeding up problem (PSP) is a part of project management in planning phase. In this problem, determining the optimal levels of activity durations and activity costs which satisfy the project goal(s), leads to a balance between the project completion time and the project total cost. A large amount of literature has studied this problem under various behavior of cost function. But, in all of them, influence of discount has not been investigated. Hence, in this paper, TCTP would be studied considering the influence of discount on the resource price, using genetic algorithm (GA). The performance of proposed idea has been tested on a medium scale test problem and several computational experiments have been conducted to investigate the appropriate levels of proposed GA considering accuracy and computational time.
Introduction
Time-cost trade off problem (TCTP) is an important part of the project management in planning phase. It is a sub problem of project scheduling when finding the most cost effective way to finish a project within time limit is desirable. In the TCTP, the objective is to determine the duration of each activity in order to obtain the minimum costs of the project. All existing patterns of this problem satisfy the objective function through expediting the activity durations. In this problem, determining the optimal levels of activity durations and activity costs leads to a balance between the project completion time and the project total cost. There are some procedures in TCTP (e.g. extra resource allocation, improvement in technology level, increase in the quality of materials, hiring highly skillful human resources, etc.) used for expediting the activity durations, according to activity characteristics. These procedures can be summarized to a unique cost function corresponding to each activity.
Herroelen and Leus [1] evaluated some stochastic models of the TCTP under two main categories: "The stochastic discrete time/cost trade-off problem" and "Multi-mode trade-off problem in stochastic networks". In the stochastic TCTP, when objective function of the model is related to the time, Bowman [2] presents a heuristic algorithm based on simulation technique and solves a general project compression problem using the derivative estimators. Besides, the application of mathematical programming for the stochastic project crashing problem was suggested by Abbasi and Mukattash [3] , in which activities are assumed to have three time estimates. Unfortunately, it seems that the proposed approach has been developed for a network with a single path and is not applicable for the networks with slight differences in the path durations. Arisawa and Elmaghraby [4] suggested the use of fractional linear programming for the optimal allocation of resources to the activities in order to maximize the reduction in project mean duration per unit investment in GERT type networks. A novel resource-constrained project scheduling problem has been modeled by Golenko and Gonik [5] as a knapsack re-source reallocation problem in which a heuristic algorithm has been to determine the optimal amount of resources allocated to the activities and their start times. Some authors have investigated the stochastic TCTP to minimize the project total costs [6] [7] [8] . Gutjahr et al. [9] studied the discrete model of this problem by using the stochastic branch and bound method to improve the probability of meeting project deadline. In their work, they assumed that the crashing of activity durations (by using additional costs) leads to higher direct costs and lower penalty costs. In another research, Mitchell and Klastorin [10] have formulated the objective function with the direct, indirect, and penalty costs. This study presents a Stochastic Compression Project (SCOP) heuristic based on decomposition of PERT networks into the serial and parallel subnets. Recently, some researchers have considered the multi criteria/objective formulation for the stochastic TCTP [11] [12] [13] [14] .
In all of the presented papers, TCTP have investigated under various behaviors of the cost function such as discrete cost function [5, [15] [16] [17] [18] [19] , linear continuous cost function [20] [21] [22] , nonlinear convex cost function [23, 24] , nonlinear concave cost function [25] and linear piecewise cost function [26, 27] . But, in all of them, influence of discount has not been investigated. In this study, we develop a new TCTP based on discount in resource price to maximize the project completion probability in a predefined deadline using a limited available budget. In order to construct the model we assume that activity durations follow the normal distribution and the activity mean durations represent the decision variables. In order to solve this problem, we organize the genetic algorithm (GA) technique. Recently, some researchers use the GA in order to solve the project scheduling problems such as TCTP [11] .
This paper is organized in the following way. The mathematical model is presented in Section 2. Section 3 describes the structure of the proposed approach, which is based on the GA algorithm. The characteristics of a large scale numerical example and results of applying the proposed approach to that example are presented in Section 4. The appropriate levels of GA parameters are investigated in this section. Finally Section 5 consists of concluding remarks. Generally, the TCTP is a nonlinear optimization problem. In order to investigate the effect of discount on this problem, we extract the objective function (project completion probability) and constraints, separately. The objective function (OF) is concerned with the maximization of project completion probability. To construct the OF, we can write a single path completion probability according to the central limit theorem (CLT), in the following way:
Mathematical Model
Equation (1) is related to a single path and can't improve the total project completion probability. Thus, considering all of the paths, the following objective function is suggested:
Two type of restrictions should be modeled in a mathematical formulation to ensure the obtained solu- Using (4) we can formulate the cost function for activity as a mathematical representation, in the following way:
tions satisfy the budget limitation and real conditions. Each activity can be planned between two maximum and minimum limit of its mean duration. Following mathematical representation show this type of constraint:
It is assumed that each activity needs a unique type of resource. Using this assumption, in order to model the budget limitation, we can define the effect of discount on resource price in a mathematical representation. For this purpose, cost slope (CS) due to various levels of ij  is presented below:
Using (4) and (5), we can formulate the second constraint that satisfies budget limitation, in the following way: model help us to use the available extra budget more efficiently, when we could find suppliers with discount policies.
Applying Genetic Algorithm
So, the proposed TCTP can be summarized as a nonlinear optimization model, as follows:
Genetic Algorithm (GA) is one of the popular metaheuristic algorithms, which can explore the feasible space using computational intelligence inspired from natural genetics and evolutionary concepts. It is a search method based on random selection policy can be used to solve the nonlinear mathematical programs. In this technique, an initial population containing several feasible solutions (chromosome) is generated randomly. Interesting fact is that GA does not need a good initial solution. In this procedure, algorithm starts from an initial solution and then it would be improved through an evolutionary process. After production of initial randomly generated population, parents are selected from this primary population and produce offspring. Second population is a combination of parent and offspring. The generation procedure has been done using two effective operators, cross over and mutation. The crossover is a genetic operator used to vary the programming of a chromosome or chromosomes from one generation to the next and the mutation operator can prevent the premature convergence of a new
Subject to:
This is a new formulation of TCTP in PERT networks. In order to shorten each activity, some amount of extra resources is needed. This amount of resources may be provided by external suppliers, who may determine some incentive policy such as price discount. Our proposed TCTP, models this situation. Using this model, project manager can increase confidence level of on-time project completion and prevent project delay. Also, proposed generation [28] . Desirability of obtained offspring is investigated using fitness function which is concerned with objective function and feasibility. The most common steps for GA follow:
 Generate the initial population  Evaluate the fitness of all solutions in population  Repeat:
Select parents Apply the cross over and mutation operators to produce children Evaluate the fitness of children Establish new population using a combination of parents and children  Until a satisfactory solution has been obtained About the proposed GA for the discount based TCTP, we develop the chromosome structure as a simple string of decision variables. Indeed, each chromosome represents ij  for all of the activities. Proposed GA algorithm steps are presented in the following way:  Initial random population is generated using uniform random number generator.  Fitness of individuals is evaluated.  Population is ranked in terms of computed fitness.  Parents are selected randomly.  Cross over and mutation are applied to produce children.  Produced offspring are evaluated using fitness function.  Form the new population using half of the fittest parent and half of the fittest children. About the fitness function some points should be mentioned. In order to evaluate a solution (chromosome), two parameter should be investigated, goodness of solution and meaningfulness of solution. The goodness is concerned with objective function (project completion probability) and the meaningfulness indicates the feasibility. According to these parameters the fitness function can be represented as follows:
1, 2,...,
In which, the first term represents feasibility and second one is concerned with project completion probability. 
Numerical Example
In order to investigate the performance of the presented GA approach for the proposed discount based model of stochastic TCTP, a numerical example are described in this section. We conducted the proposed approach for the large scale example with 15 nodes, 20 independent activities and 44 interrelated paths to show that how the presented approach optimally improves the project completion probability. Characteristics of this network are presented in Table 2 . The objective is to obtain optimal allocated budget to the activities in order to improve the all path completion probability from a risky value to a maximum confident one. It is assumed that the time unit is in weeks and the cost is in thousand dollars. According to the presented characteristics, initial probability of the project completion time at T d =150 which can be comuted by using the Central Limit Theorem (CLT) is equal to 55%. This value is related to a situation that all activities are planned in their upper bound of p ij  . The proposed approach attempts to improve this value to a maximum level using the limited available budget in order to decrease the risk of project tardiness. It is also assumed that the available amount of additional budget for this purpose is equal to 10,000 thousand dollars. We conducted our analysis of the presented example in two steps. In first step we run the developed procedure with the random initial values for parameters of the proposed GA. Then the obtained results are considered to determine the efficient values of the parameters in terms of the accuracy and computation time. For this purpose we developed a computer simulation program based on the proposed approach and randomly initial values of GA parameters have been considered in primary computational effort. The obtained simulation results for the considered example are organized in Table 1 .
To investigate efficiency of the proposed GA approach, best obtained project completion probability and CPU time have been considered. In order to make trade off between the accuracy and computation time, we also solve the example with the different values of population size (k), mutation and cross over probabilities, then compute thecomputation time and efficiency measure. The appropriate levels of these parameters can conduct the GA toward optimal solution, directly and therefore, the analysis of these parameters is an important aspect of the proposed GA approach. Tables 2, 3 and 4 provide the behavior of the model results according to different levels of parameters, for presented example. According to the simulation results provided by Tables  2, 3 and 4 the best probability of cross over and mutation rates are 0.8 and 0.2, respectively and best values of considered criteria (accuracy and CPU time) obtained by setting population size at 25-30. In this example the project completion probability has been improved from 55% to 0.79%.
Model Validation
The appropriate levels of the GA parameters have been investigated in section 4 to reach the accurate results with reasonable computation time. By using this procedure we reach the maximum capabilities of the proposed GA approach in terms of accuracy and computational time, but these maximum capabilities should be compared For this purpose a mathematical model based on a single path of PERT network has been considered. The results of comparing the proposed GA's best objective function (obtained by appropriate levels of GA parameters based on the procedure described in section 4) and LINGO's global optimum for a single path are presented in Table 5 .
According to the Table 5 , the proposed GA approach shows a difference with LINGO's global optimum with the average of 1.84%. Such a little difference can be reliable and shows the good performance of proposed approach.
Conclusions
In this paper, we proposed a new approach based on price discount for TCTP in PERT networks in which activity durations follow the normal distribution. The main objective of the developed model is to improve the project completion probability from a risky amount to a maximum value using limited additional budget. To our knowledge, this is the first combination of price discount as a supplier's policy, with the TCTP, in the published literature. The presented model determines the optimal additional resources should be allocated to activities using the genetic algorithm. The GA algorithm has organized to allocate the available budget to activities. In order to illustrate the model efficiency, a computer program using MATLAB 7.6.0 was developed and the model was tested on a medium scale PERT network. Best amount of objective function and CPU time have been recorded and efficient levels of GA parameters have been investigated through the several computational experiments. In order to validate the GA approach, proposed model have been compared with the LINGO's global optimum solution and obtained results showed the good performance of the proposed solution approach.
